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Abstract
If G is any finite solvable group having a normal Sylow 2-subgroup (in particular, if |G| is odd)
and satisfying |cd(G)| 5, where cd(G) is the set of ordinary irreducible character degrees of G, we
show that the Fitting height of G does not exceed |cd(G)| − 2. In case |cd(G)| = 5, this upper bound
on the Fitting height of G is best-possible.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper, all groups considered are finite. The Fitting height of a solvable group
G is defined as the length of its shortest chain of normal subgroups including 〈1〉 and G
such that all the factor groups along the chain are nilpotent. Thus, the Fitting height is
a number, denoted by h(G), which in some sense measures how far the group G is from
being nilpotent. We write F(G) to denote the Fitting subgroup of G. The Fitting height may
alternatively be defined in terms of the group’s Fitting series, which is defined inductively
as follows. Let F0(G) = 〈1〉, and for each integer i  1, define the subgroup Fi (G) by
letting Fi (G)/Fi−1(G) denote the Fitting subgroup of G/Fi−1(G). The unique smallest
integer h such that Fh(G)=G coincides with the Fitting height h(G).
Let Irr(G) be the set of complex irreducible characters of a group G, and let cd(G) be
the set of degrees of the members of Irr(G). Our objective is to determine best-possible
upper bounds on the Fitting height h(G) for particular small values of |cd(G)|, the number
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direction known to us is the following [4, Corollary 12.21], proved in 1974.
Theorem 1.1 (Garrison). If G is solvable, then h(G) |cd(G)|.
It is easy to find examples of groups that show that Garrison’s bound h(G)  |cd(G)|
is already best-possible in the cases |cd(G)| ∈ {1,2,3}. For example, if G= Sym(4), then
cd(G)= {1,2,3} and h(G)= 3. In fact this upper bound on h(G) is still best-possible if we
restrict ourselves to groups of odd order satisfying |cd(G)| ∈ {1,2,3}. (See Lemma 2.10
for an example of a group G of odd order satisfying h(G) = |cd(G)| = 3.) For groups
with at least four irreducible character degrees, however, we have obtained the following
improvement (see [8]) on Garrison’s bound.
Theorem 1.2. If G is solvable and |cd(G)| 4, then h(G) |cd(G)| − 1.
The general linear group G = GL(2,3) satisfies cd(G) = {1,2,3,4} and h(G) = 3,
and shows that for groups with exactly four degrees, the upper bound on Fitting height in
Theorem 1.2 is best-possible. Theorem 1.2 is also best-possible for groups G of odd order
satisfying |cd(G)| = 4.
Another special case of Theorem 1.2 says that any solvable group with exactly five
degrees has Fitting height at most 4. For any prime power q satisfying q2 ≡ 1 (mod 16),
there is a solvable subgroupH of order 48 in SL(2, q)with the following properties. If V is
the natural module for SL(2, q), then the semidirect product group G= V H has Fitting
height 4 and satisfies cd(G)= {1,2,3,4,48}. In particular, |cd(G)| = 5 while h(G)= 4,
and so this special case of Theorem 1.2 is also best-possible.
For the family of examples that we just mentioned, the prime 2 plays a prominent role
in the group G/F(G)∼=H of order 48. In particular, the group G does not have a normal
Sylow 2-subgroup. Our main result, which now follows, shows that this is no accident.
Theorem A. Let G be a solvable group with a normal Sylow 2-subgroup. If |cd(G)| = 5,
then h(G) 3.
Of course, the solvability hypothesis in Theorem A is unnecessary, by the Odd
Order Theorem. There are many known examples of groups satisfying the hypotheses of
Theorem A and whose Fitting heights attain the upper bound of 3, and so the bound in
Theorem A is best-possible.
The following easy consequence of Theorem A is a reflection of the fact that, under any
given set of group-theoretic conditions that are always inherited by factor groups (in this
case, G having a normal Sylow 2-subgroup), the “gap” between h(G) and |cd(G)| in the
best-possible bound can only widen as |cd(G)| becomes larger (see Lemma 2.1).
Corollary B. Let G be a solvable group with a normal Sylow 2-subgroup. If |cd(G)| 5,
then h(G) |cd(G)| − 2.
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2-subgroup and exactly six character degrees has Fitting height at most 4. We do not know
of any such group whose Fitting height is actually equal to 4, and we suspect that none
exists. Thus we conjecture that if the hypothesis |cd(G)| = 5 in Theorem A is replaced by
|cd(G)| = 6, then the resulting statement still holds. If this conjecture is true, we can only
envision a proof based on extensive case analysis.
In working with a minimal counterexample group G to Theorem A, we make use of the
oddness hypothesis on |G : F(G)| in several ways. At various stages we derive inequalities
of the form re  f (e), for an unknown prime r , an unknown integer e 1, and a specified
linear function f . Such inequalities have few solutions, indeed fewer when r = 2 is ruled
out. In Lemma 2.12 we use the oddness of |G : F(G)| in a more essential way, to guarantee
that certain module actions of G/F(G) are primitive or Frobenius. Our third and final use
of oddness is that the following result, corresponding to [1, Theorems 2.3, 2.4], will be
applied to G. Following standard notation, let G(i) denote the ith derived subgroup of G.
Theorem 1.3 (Berger). Let G be a solvable group with an abelian normal Sylow 2-
subgroup. Suppose the irreducible character degrees of G are 1 = d1 < d2 < · · · < dm.
Then G(i) ⊆ ker(χ) for all χ ∈ Irr(G) satisfying χ(1) di , and so the derived length of G
is at most |cd(G)|.
Berger states this result in [1] with the stronger hypothesis that G has odd order. But
in fact Berger’s original argument in [1] still holds if the hypothesis is weakened to that
of Theorem 1.3. For the reader who wishes to review this argument, [1, Theorem 2.1] is
stated in terms of a certain primitive irreducible character χ of G. Berger’s proof quickly
reduces to the situation where χ is faithful, and under our weakened hypothesis, the Sylow
2-subgroup must be central. But only the oddness of G/Z(G) is actually used in Berger’s
proof of [1, Theorem 2.1].
2. Preliminaries
Let m and n be positive integers. Let C denote a group-theoretic condition (or set of
conditions) that is always inherited by factor groups. We define the statement Sm,n(C)
as follows: every solvable group G that satisfies the conditions C and |cd(G)|  m also
satisfies h(G)  n. If we assign a particular condition C and particular values m and n,
then the statement Sm,n(C) is either true or false. Theorem 1.2 states that S4,3(C) is true,
where the condition C is vacuous. The following two lemmas were proved in [8, Section 4].
Lemma 2.1. If the statement Sm,n(C) is true, then so is Sm+1,n+1(C).
Corollary B follows from Theorem A by a straightforward inductive argument using
Lemma 2.1, where C is the condition of having a normal Sylow 2-subgroup, and whose
base case (m= 5 and n= 3) is Theorem A.
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of minimal order to Sm,n(C). Then |cd(G)| =m and h(G)= n+ 1, and F(G) is the only
minimal normal subgroup of G.
If N  G, we use the notation Irr(G|N) = {χ ∈ Irr(G)|N ⊆ ker(χ)}, and we write
cd(G|N) to denote the set of degrees of the members of Irr(G|N), following [5]. Note that
Irr(G)= Irr(G/N) ∪ Irr(G|N) is a disjoint union, while cd(G)= cd(G/N) ∪ cd(G|N) is
not necessarily disjoint.
The next several results are specially designed to relate character-degree information
to group-structural information in a minimal counterexample to a statement of the form
Sm,n(C). We focus on how prime divisors of character degrees influence group structure.
Lemma 2.3. Let G be a solvable group whose only minimal normal subgroup is F(G).
Write F1 = F(G) and F2 = F2(G). Let ψ ∈ Irr(G|F1) and let θ be an irreducible
constituent of the restriction ψF2 . Then every prime divisor of |F2 : F1| divides θ(1). In
particular, every prime divisor of |F2 : F1| divides every degree in cd(G|F1).
Proof. Let r be any prime divisor of |F2 : F1|. Choose an r-group chief factor M/F1 of
G such that M ⊆ F2. Because G is solvable, F1 contains its own centralizer, and so M is
non-abelian and 1 <M ′  G. By the uniqueness of F1, we deduce that F1 ⊆M ′.
If the restriction θM is a sum of linear characters, then M ′ ⊆ ker(θ), which implies that
F1 ⊆ ker(θ). But since F1 ⊆ ker(ψ) and ψ lies over θ , this cannot happen. Hence θM has
an irreducible constituent ϕ ∈ Irr(M) with ϕ(1) > 1. By [4, Theorem 6.15], ϕ(1) divides
the r-power |M : F1|. Thus r divides ϕ(1), and hence also θ(1). ✷
Lemma 2.4. Let G be a solvable group whose only minimal normal subgroup is F1 =
F(G). If the set cd(G/F1) ∩ cd(G|F1) is nonempty, then G/F1 has no nontrivial abelian
normal Sylow subgroup.
Proof. Write F2 = F2(G). Choose a degree d ∈ cd(G/F1) ∩ cd(G|F1), and suppose that
Q/F1 > 1 is an abelian normal Sylow q-subgroup ofG/F1. ThenQ/F1 ⊆ F2/F1, and so q
divides |F2 : F1|. By Lemma 2.3, q divides d . But since d ∈ cd(G/F1), [4, Theorem 6.15]
implies that d divides |G :Q|, a contradiction, since q does not divide |G :Q|. ✷
Lemma 2.5. Let G be a non-nilpotent solvable group in which F1 = F(G) is minimal
normal. Write h = h(G) and Fi = Fi (G) for i  1. Suppose that every proper subgroup
H < G satisfying |cd(H)|  |cd(G)| satisfies h(H)  h − 1. Define the sets B =
cd(G/F1) ∩ cd(G|F1) and A = cd(G/F1) − B. If some prime p divides every member
of each of the sets cd(G/F2)− {1} and A− {1}, then G/F1 has a normal p-complement
that is contained in Fh−1/F1, and so |G : Fh−1| is a power of p.
Proof. As p divides every member of cd(G/F2) − {1}, [4, Corollary 12.2] implies that
G/F2 has a normal p-complement C/F2. If p divides every member of B, then p divides
every member of cd(G/F1) − {1}, and so [4, Corollary 12.2] implies that G/F1 has a
normal p-complement. On the other hand, suppose p fails to divide some member d of
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is a divisor of d . Thus p does not divide |F2 : F1|, and so C/F1 is actually a normal p-
complement in G/F1. In either case, G/F1 has a normal p-complement, U/F1.
As F1  U  G where F1 is abelian and the indices |G : U | and |U : F1| are relatively
prime, [8, Lemma 2.5] implies that |cd(U)|  |cd(G)|. By hypothesis we deduce that
h(U)  h − 1, and so U ⊆ Fh−1 < G. Thus |G : Fh−1| > 1 is a divisor of the p-power
index |G :U |. ✷
In all of our applications of the following lemma, F will be F(G).
Lemma 2.6. Let F  G and let R/F be an abelian normal subgroup of G/F . For some




∣cd(G|F)∣∣(e+ 1)− ∣∣cd(G/F) ∩ cd(G|F)∣∣.
Proof. Let N be the set of all degrees in cd(G) that lie over some r-power degree in
cd(R)− {1}, and letM be the set of all members ofN whose r-part is at most re.
We show thatN ⊆ cd(G|F). If d ∈ cd(G)− cd(G|F), then every character ψ ∈ Irr(G)
of degree d lies in Irr(G/F), and since R/F is abelian, the restriction ψR is a sum of linear
characters. Thus d /∈N .
We write B = cd(G/F)∩ cd(G|F) and C = cd(G|F)−B. Then cd(G|F)= B ∪ C is a
disjoint union, and since N ⊆ cd(G|F), the unionN = (N ∩ B)∪ (N ∩ C) is disjoint.
We show that N ∩ B ⊆M. Let d ∈ N ∩ B. Since d ∈ cd(G/F) and R/F is abelian
normal in G/F , [4, Theorem 6.15] asserts that d divides |G : R|, and so the r-part of d
divides the r-part re of |G : R|. Thus d ∈M, and indeed |N ∩ B| |M|. Finally, by [8,
Lemma 2.8 (i)],
h |N |(e+ 1)− |M|
 (|N ∩B| + |N ∩ C|)(e+ 1)− |N ∩B|
= |N ∩ C|(e+ 1)+ |N ∩ B|e
 |C|(e+ 1)+ |B|e
= ∣∣cd(G|F)∣∣(e+ 1)− ∣∣cd(G/F)∩ cd(G|F)∣∣. ✷
The next result is useful for generating character degrees.
Lemma 2.7 (Huppert–Manz [3]). Let G be a group whose Fitting factor group G/F(G) is
abelian. Then |G : F(G)| ∈ cd(G).
The next two results, [6, Lemma 1.6] and [6, Theorem 3.5], translate character-degree
information into structural information on a group.
Lemma 2.8 (Noritzsch). Let G be a non-nilpotent group satisfying cd(G)= {1,m}. Then
the following conditions hold:
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(ii) There exists N  G such that G/N is a Frobenius group whose kernel is F(G)/N , an
elementary abelian q-group for some prime q .
(iii) If a Sylow p-subgroup of G is non-abelian, then m= p.
Lemma 2.9 (Noritzsch). Suppose that a solvable groupG satisfies h(G)= 2 and |cd(X)| =
3, and that the two degrees in cd(G) − {1} are relatively prime. Then G has derived
length 3, and there is a unique prime s for which the subgroup Os(G) is non-abelian.
Furthermore, G′ ⊆ Os(G).
Some extra explanation is appropriate for Lemma 2.9. Noritzsch [6, Theorem 3.5]
described the two distinct alternatives for the structure of an arbitrary solvable group
G satisfying |cd(G)| = 3, with the two degrees in cd(G) − {1} being relatively prime.
The condition h(G) = 2 holds in only one of these two cases. The conclusions of our
Lemma 2.9 can be found in the part of Noritzch’s proof that corresponds to this case.
The next result will be used to eliminate certain special cases that arise in the proof of
Theorem A.
Lemma 2.10. Let H be a non-abelian group of automorphisms of an elementary abelian
groupE of order 33, and suppose that |H | = 3 ·13. WriteEH =EH . Then the following
conditions hold.
(i) If T is any subgroup of order 3 in H , then |CE(T )| = 3.
(ii) If S is any Sylow 3-subgroup of EH , then E is the only abelian subgroup of index 3
in S, and S/S′ is noncyclic of order 32.
(iii) If λ ∈ Irr(E) is nonprincipal, then its inertia subgroup IEH (λ) has index 13 in EH .
(iv) cd(EH)= {1,3,13}.
Proof. (i) By [4, Theorem 15.16], E has a GF(3)-basis that is permuted by T , and so for
S =ET , one can see that CE(T )= Z(S) has order 3.
(ii) If A is an abelian subgroup of index 3 in S = ET such that A = E, then A ∩E ⊆
Z(S) and |A∩E| = 9, contradicting that |Z(S)| = 3.
Write T = 〈t〉. If x, y ∈E and [x, t] = [y, t], then t centralizes xy−1, forcing Z(S)x =
Z(S)y . Hence S′ ⊇ [E, t] contains at least 9 elements. As S is noncyclic of order 34, we
see that S/S′ is noncyclic of order 32.
(iii) Let Q be the subgroup of order 13 in H . The action of Q on E is irreducible, and
CE(Q) = 1. Hence the orbit sizes in the action of H on E are 1, 13, and 13. These are
also the orbit sizes in the action of H on Irr(E), and so for each nonprincipal character
λ ∈ Irr(E) we have |H : IH (λ)| = 13, which proves (iii). Now part (iv) follows easily. ✷
Lemma 2.11. Let G be a solvable group in which F = F(G) is minimal normal. Fix
any nonprincipal character λ ∈ Irr(F ) and write I = IG(λ). Then for each degree f ∈
cd(I/F ), we have |G : I |f ∈ cd(G|F).
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H in G. For K = ker(λ), observe that K  I , and that (I ∩ H)K/K is a complement
for F/K As λ is linear, it follows that F/K is central in I/K , and so λ extends to
I/K = F/K×˙(I ∩H)K/K .
Now choose an extension µ ∈ Irr(I) of λ, and choose ϕ ∈ Irr(I/F ) such that ϕ(1)= f .
By [4, Corollary 6.17], µϕ is irreducible and lies over λ. By [4, Theorem 6.11], the
induced character (µϕ)G of degree |G : I |f is irreducible. Thus (µϕ)G lies over λ, and so
(µϕ)G ∈ Irr(G|F1). ✷
An action of a group G on a module V is called half-transitive if all the G-orbits
consisting of nonzero vectors in V have the same size. We are grateful to Marty Isaacs
for bringing part (i) of the following lemma to our attention.
Lemma 2.12. Let G be a solvable group of odd order acting faithfully and half-transitively
on a finite module V . Then
(i) the action is either primitive or Frobenius, and
(ii) F(G) is cyclic, and G/F(G) is abelian.
Proof. (i) Assuming the action is imprimitive, we have V = V1
.+ · · · .+ Vn for n  2,
where the subspaces Vi > 0 are permuted byG. Let 0 = vi ∈ Vi for i ∈ {1,2}. Each element
of CG(v1 + v2) either stabilizes both v1 and v2 or else transposes the subspaces V1 and V2,
but the latter is impossible since |G| is odd.
Thus CG(v1 + v2)⊆ CG(vi) for i ∈ {1,2}. By half-transitivity, these two inclusions are
equalities, yielding CG(v1)= CG(v2). As v2 ∈ V2 was arbitrary, CG(v1) stabilizes every
vector in V2. Thus CG(v1) = CG(v2) = · · · = CG(vn) centralizes each subspace Vi , and
hence all of V . Thus CG(v)= 1 for each nonzero v ∈ V , and the action is Frobenius.
(ii) If the action is Frobenius, then by oddness every Sylow subgroup of G is cyclic, and
so F(G) is cyclic. If the action is primitive, then using oddness again, a theorem of Passman
[7, Theorem A] implies that F(G) is cyclic. Since G is solvable, the group G/F(G) acts
faithfully on the cyclic group F(G), and this forces G/F(G) to be abelian. ✷
Corollary 2.13. Suppose F1 = F(G) is minimal normal of odd index in a solvable group
G satisfying h(G) 4. Then |cd(G|F1)| 2.
Proof. Assuming the conclusion is false, all members of Irr(G|F) have the same degree.
Choose any nonprincipal character λ ∈ Irr(F1) and let I = IG(λ) be its inertia subgroup. By
Lemma 2.11 (with f = 1), we deduce that |G : I | ∈ cd(G|F). It follows that cd(G|F)=
{|G : I |}, and so |IG(λ)| is independent of the choice of λ. Thus the faithful action of G/F1
on the module V = Irr(F1) is half-transitive. Write F2 = F2(G). Lemma 2.12 implies that
G/F2 is abelian, contradicting that h(G) 4. ✷
Lemma 2.14. Let N be any normal subgroup of a group G, and suppose that N ∩G′ = 1.
Then every member of Irr(N) extends to G.
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a unique extension ϕ ∈ Irr(NG′) such that the restriction of ϕ to G′ is principal. Thus
G′ ⊆ ker(ϕ), and so ϕ ∈ Irr(NG′/G′). Since NG′/G′ ⊆G/G′ while G/G′ is abelian, ϕ
has an extension ψ ∈ Irr(G). Thus ψ is the desired extension of λ. ✷
The following two lemmas are [5, Theorem 3.1] and [C].
Lemma 2.15. Let M  G, and suppose that M has an abelian normal s-complement for
some prime s. If a character χ ∈ Irr(G|M) is chosen such that the s-part of χ(1) is as
small as possible, then M ′ ⊆ ker(χ).
Lemma 2.16. Let G be a solvable group and write Fi = Fi (G) for i ∈ {1,2}. Suppose that
h(G)= 3 and |cd(G)| 4 and |cd(G/F1)| = 2. Then there exists a chief factor F1/M of
G such that G/CG(F1/M) is not nilpotent, and such that |F1 :M| is relatively prime to
|F2 : F1|.
Proof of Theorem A. We shall say that a group X satisfies the condition C if X has a
normal Sylow 2-subgroup. Of course, factor groups of X inherit this condition. The truth
of the statement S4,3(C) is a special case of Theorem 1.2. We assume that Theorem A is
false, which is equivalent to assuming that S5,3(C) is false. Let G be a counterexample of
minimal order to the statement S5,3(C). Lemma 2.2 implies that |cd(G)| = 5 and h(G)= 4,
and that F(G) is the only minimal normal subgroup of G.
Let Fi denote the ith term Fi (G) in the Fitting series of G. Since h(G)= 4, we have
1 = F0 < F1 < F2 < F3 < F4 = G. The condition C says that |G : F1| is odd. Because
|cd(G)| = 5, we write cd(G)= {1, d2, d3, d4, d5} with 1 < d2 < d3 < d4 < d5.
As a minimal normal subgroup, F1 is an elementary abelian p-group for some prime p.
Because |G : F1| is odd, Theorem 1.3 may be applied to G, and we shall do this later.
Since the Fitting subgroup F1 is a p-group, p does not divide |F2 : F1|. The solvability of
G implies that F1 ⊇ CG(F1). Since F1 is abelian, indeed F1 = CG(F1). Thus G/F1 acts
faithfully and irreducibly on F1, and hence also on its dual group Irr(F1).
Let l be the derived length of G. As F1 is the unique minimal normal subgroup
of G, we know that F1 = G(l−1). Since h(G) = 4, we have l  4, and so F1 ⊆ G(3).
For every character χ ∈ Irr(G) such that χ(1) ∈ {1, d2, d3}, Theorem 1.3 implies that
F1 ⊆ G(3) ⊆ ker(χ). Hence every irreducible character of G of degree 1, d2, or d3 is
actually a character of G/F1. It follows that {1, d2, d3} ⊆ cd(G/F1) and cd(G|F1) ⊆
{d4, d5}. Now Corollary 2.13 yields cd(G|F1) = {d4, d5}. By [4, Theorem 12.19], we
know d5 /∈ cd(G/F1), and it follows that {1, d2, d3} ⊆ cd(G/F1) ⊆ {1, d2, d3, d4}. In
Section 3 we obtain a contradiction in the case cd(G/F1) = {1, d2, d3} by means of an
argument that parallels the proof of Theorem 1.2. In Section 4 we eliminate the case
cd(G/F1)= {1, d2, d3, d4}, in which d4 is an “overlapping degree.” ✷
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In this section we assume that the minimal counterexample group G satisfies
cd(G/F1)= {1, d2, d3}. Recall that cd(G|F1)= {d4, d5}.
Since h(G/F1) = 3 = |cd(G/F1)|, we begin by applying six results, [8, Lemmas 3.1
through 3.6], to the odd-order group X =G/F1. We reformulate the conclusions of those
six lemmas as Step 1 through Step 6 of the present section. Note that the subgroup Fi of X,
in the notation of [8, Section 3], corresponds to the subgroup Fi+1 of G in our present
situation, for all indices i . For i ∈ {2,3} we let πi denote the set of all prime divisors of the
character degree di . Let π = π2 ∩ π3, and write di = mini , where ni is a π -number and
mi is a π ′-number.
Step 1.
(i) cd(G/F2)= {1, d2}.
(ii) G/F2 is non-nilpotent.
(iii) F3/F2 is abelian.
(iv) There exists N/F2  G/F2 such that G/N is a Frobenius group, whose kernel is
F3/N , an elementary abelian q-group for some prime q .
(v) G/F3 is cyclic of order d2.
(vi) q  d2 and q /∈ π .
Step 2.
(i) G/F1 has a normal π -complement H/F1.
(ii) G/H is nilpotent.
(iii) cd(H/F1)= {1,m2,m3}.
(iv) m2 and m3 are relatively prime.
(v) H/(F3 ∩H) is cyclic of order m2.
Step 3. Each irreducible character of G/F1 of degree d2 restricts to the subgroup F3/F1 as
a sum of linear characters.
Step 4.
(i) cd((F3 ∩H)/F1)= {1,m3}.
(ii) (F3 ∩H)/F1 is non-nilpotent.
(iii) (F2 ∩H)/F1 is abelian.
(iv) There exists M/F1  (F3 ∩H)/F1 such that (F3 ∩H)/M is Frobenius, with kernel
(F2 ∩H)/M , an elementary abelian r-group.
(v) (F3 ∩H)/(F2 ∩H) is cyclic of order m3, and q |m3.
(vi) r m3 and r /∈ π .
Step 5. Let R/F1 denote the Sylow r-subgroup of the abelian group (F2 ∩ H)/F1, and
let U/F1 be the normal r-complement in (F2 ∩H)/F1. Define E by letting E/U be the
Frattini subgroup of the r-group (F2 ∩H)/U , and let C = CG((F2 ∩H)/E). Then
(i) The abelian r-group R/F1 is noncyclic.
(ii) F2 ⊆ C.
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Step 6. Let k be the rank of the abelian r-group R/F1. If r m2 or H =G, then d2  k.
Step 7. There exist linear characters λ0, λ1, . . . , λm in Irr(F1) such that
(i) m k,
(ii) R = IR(λ0) > IR(λ1) > · · ·> IR(λm−1) > IR(λm)= F1,
(iii) |R : IR(λj )| ∈ cd(R) for 0 j m,
(iv) there are at least m distinct r-power degrees in cd(R)− {1},
(v) |cd(R)|m+ 1 k + 1, and
(vi) IR(λj−1)/IR(λj ) is cyclic for 1 j m.
Proof. Apply [8, Corollary 2.7] to the group R defined in Step 5. ✷
The prime r , introduced in Step 4 (iv), will soon become the focus of our attention. We
now determine which of the members of cd(G)= {1, d2, d3, d4, d5} are divisible by r .
Step 8.
(i) r  d3.
(ii) For i ∈ {4,5}, write di = rei ci with r  ci . Then e4  1 and e5  1.
(iii) r |m2 and r | d2. Write d2 = rec2 with r  c2. Then e 1.
Proof.
(i) We have defined n3 to be the π -part and m3 to be the π ′-part of d3. Step 4 (vi) says
that r m3 and r /∈ π .
(ii) As r divides |F2 : F1| and cd(G|F1)= {d4, d5}, apply Lemma 2.3.
(iii) Recall that d2 =m2n2, where n2 is the π -part andm2 is the π ′-part of d2. Step 4 (vi)
says that r /∈ π , and so r |m2 if and only if r | d2. Suppose instead that r m2 and r  d2.
We show that r does not divide |G : R|. By Step 2 (i), |G : H | is a π -number, while
r /∈ π . Step 2 (v) says that |H : F3 ∩ H | = m2, and we are assuming r  m2. Step 4 (v)
says that |F3 ∩ H : F2 ∩ H | = m3, and Step 4 (vi) says that r  m3. Finally, r does not
divide |F2 ∩ H : R| because in Step 5 we defined R/F1 to be the Sylow r-subgroup of
(F2 ∩H)/F1.
Note that R/F1 is an r-group and F1 is abelian. By [8, Lemma 2.5], cd(R) is the set of
r-parts of the members of cd(G) = {1, d2, d3, d4, d5}. By (i) and (ii) and our assumption
r  d2, we have cd(R) = {1, re4, re5}. Because d2 > 1 is a divisor of the odd number
|G : F1|, we have 3  d2. We are assuming r  m2, and so Step 6 says d2  k. Step 7 (v)
now implies that |cd(R)| k + 1 4, a contradiction. Hence r |m2 and r | d2. ✷
Step 9.
(i) H =G.
(ii) d2 =m2 and d3 =m3.
(iii) d2 and d3 are relatively prime.
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The Fitting subgroup of H/F1 is (F2 ∩ H)/F1, which is nontrivial because it contains
R/F1, which is noncyclic by Step 5 (i). The Fitting subgroup of H/(F2 ∩H) is (F3 ∩H)/
(F2 ∩H), which by Step 4 (v) is also nontrivial. By Step 2 (v), H/(F3 ∩H) is cyclic of
order m2, and so by Step 8 (iii) we have F3 ∩H <H . Hence h(H)= 4.
Consider the normal series F1 ⊆ H ⊆ G. By Step 2 (i), |G : H | and |H : F1| are
relatively prime. Of course, F1 is abelian. By [8, Lemma 2.5], |cd(H)|  |cd(G)| = 5.
Theorem 1.1 asserts that 4 = h(H) |cd(H)|, and so |cd(H)| ∈ {4,5}. Because h(H)= 4,
Theorem 1.2 implies that |cd(H)| = 4. Hence |cd(H)| = 5, and so H is a counterexample
to S5,3(C). The minimality of G implies H = G. Hence π = π2 ∩ π3 is empty, and so
d2 =m2 and d3 =m3. By Step 2 (iv), d2 and d3 are relatively prime. ✷
Step 10.
(i) F2/F1 is abelian.
(ii) F3/F2 is cyclic of order d3.
(iii) The full r-part of |G :R| equals the full r-part of d2, namely re.
(iv) G/F2 acts faithfully on F2/E, elementary abelian of order rk .
Proof.
(i), (ii) In view of Step 9, interpret Steps 4 (iii) and (v).
(iii) By its definition in Step 5, R/F1 is the Sylow r-subgroup of F2/F1. Step 8 (i)
says that r does not divide d3 = |F3 : F2|, and so the r-part of |G : R| equals the r-part of
|G : F3|. Step 1 (v) says |G : F3| = d2. In Step 8 (iii) we defined re to be the r-part of d2.
(iv) In Step 6 we defined k as the rank of the abelian r-group R/F1. As F2/U is
isomorphic to R/F1, the Frattini factor group F2/E of F2/U is elementary abelian of
order rk . By Step 4 (iv), F3/F2 acts faithfully on the factor group F2/M of F2/E, and so
the action of F(G/F2)= F3/F2 on F2/E is faithful. Hence G/F2 acts faithfully. ✷
Step 11.
(i) r = d2 = 3.
(ii) k ∈ {3,4}.
(iii) d3 = 13.
(iv) The non-abelian group G/F2 has order 3 · 13.
(v) The full 3-part of |G : F1| is |R : F1| · 3.
Proof. We wish to apply Lemma 2.6 to the abelian normal subgroup R/F1 of G/F1.
Step 10 (iii) says that the full r-part of |G : R| is equal to the full r-part of d2, namely re.
Note that cd(G|F1)= {d4, d5} and that cd(G/F1)∩cd(G|F1) is empty. Let h be the number
of r-power degrees in cd(R)− {1}. Lemma 2.6 implies that h 2(e+ 1).
In Step 6 we defined k to be the rank of R/F1. Steps 7 (i) and (iv) imply that k  h. In
view of Step 9 (i), Step 6 asserts that d2  k. We chain together these last three inequalities
and use the notation of Step 8 (iii) to obtain rec2 = d2  k  h 2(e+1), and in particular
re  2(e+ 1). Step 8 (iii) says e 1, and since the prime r divides |G : F1|, r is odd. The
only solution is r = 3 and e = 1. The chain of inequalities is now 3c2 = d2  k  h  4,
forcing d2 = 3 and k ∈ {3,4}.
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action on F2/M , whose order divides 3k , is Frobenius. Thus d3 divides |F2 : M| − 1.
If |F2 : M| ∈ {3,32}, then d3 divides either 2 or 8, contradicting that d3 > 1 is odd.
Since k  4, we have |F2 :M| ∈ {33,34}. If |F2 :M| = 34, then d3 is an odd divisor of
34 − 1 = 80, forcing d3 = 5. By Step 1, the action of G/F3 of order d2 = 3 on the factor
group F3/N of F3/F2 is also Frobenius. But F3/F2 has order d3 = 5, a contradiction.
Thus |F2 :M| = 33, and since d3 is an odd divisor of 33 − 1 = 26, we deduce that d3 = 13.
Step 1 (v) and Step 10 (ii) imply that |G : F2| = d2d3, and so G/F2 has order 3 · 13. Since
R/F1 is the Sylow 3-subgroup of F2/F1, part (v) holds. ✷
Step 12. There exists ρ ∈ Irr(F1) with the following properties.
(i) cd(G|F1)= {|G : IG(λ1)|, |G : IG(ρ)|}.
(ii) The 3-power |R : F1| divides |G : IG(ρ)| but not |G : IG(λ1)|.
(iii) |IG(ρ) : F1| ∈ {1,3,13}.
Proof. Step 11 (i) says r = 3, and so R/F1 is a 3-group. The character λ1, defined in
Step 7, satisfies IR(λ1) < R, by Step 7 (ii). Thus λ1 is nonprincipal. Write I = IG(λ1).
Lemma 2.11 implies that |G : I | ∈ cd(G|F1). Step 11 (ii) says k  3, and by Step 7 (i) this
forces m  3. By Step 7 (ii), 32 divides |IR(λ1) : F1|, which in turn divides |I : F1|. In
view of Step 11 (v), the 3-power |R : F1| does not divide the degree |G : I |.
G/F1 acts faithfully on the p-group Irr(F1). Step 10 (i) says that F2/F1 is abelian.
By [8, Lemma 2.3], there exists ρ ∈ Irr(F1) such that IF2(ρ) = F1. In particular ρ is
nonprincipal. If we write J = IG(ρ), then Lemma 2.11 implies that |G : J | ∈ cd(G|F1).
Since J ∩ F2 = F1, the group J/F1 is isomorphic to a subgroup of the non-abelian
group G/F2 of order 3 · 13. Thus the 3-power |R : F1| divides the degree |G : J |, and so
|G : J | and |G : I | must be the two distinct members of cd(G|F1)= {d4, d5}.
It remains to show that |J : F1| ∈ {1,3,13}. Since J/F1 is isomorphic to a subgroup of
the non-abelian groupG/F2 of order 3 ·13, it suffices to show that |J : F1| is proper divisor
of 3 · 13. If not, then cd(J/F1) = {1,3}, and by Lemma 2.11, cd(G|F1) contains |G : J |
and |G : J | · 3, both of which are divisible by |R : F1|, thereby contradicting (ii). ✷
Step 13. For each ν ∈ Irr(F1) nonprincipal, IG(ν)/F1 is abelian.
Proof. Let I = IG(ν) and suppose I/F1 is non-abelian. Then cd(I/F1)⊇ {1, f } for some
integer f > 1. By Lemma 2.11 and Step 12 (i),
{|G : I |, |G : I |f } ⊆ cd(G|F1)= {|G : IG(λ1)|, |G : IG(ρ)|}.
In view of Step 10 (i) and Step 11 (iv), the abelian normal subgroup (F2∩I)/F1 of I/F1
has index dividing |G : F2| = 13 · 3, and so f divides 3 · 13, by [4, Theorem 6.15]. Since
I/F1 ⊆ G/F1, f is less than or equal to the largest member of cd(G/F1) = {1,3,13}.
Hence f ∈ {3,13}.
Write s = |IG(ρ) : F1|. Step 12 (iii) says s ∈ {1,3,13}. Since I/F1 is non-abelian, its
order cannot be s, and so |G : IG(ρ)| = |G : I |. Therefore, |G : IG(ρ)| = |G : I |f , and
so |G : F1| = |G : IG(ρ)|s = |G : I |f s. Thus the non-abelian group I/F1 has order f s,
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|G : I | = |G : F1|/(13 · 3) is divisible by |R : F1|, and so |G : I |f is also divisible by
|R : F1|. This contradicts Step 12 (ii). ✷
Step 14.
(i) cd(R)⊆ {1,3e4−1,3e4,3e5−1,3e5}.
(ii) 3 k m 4.
Proof. (i) Let θ ∈ Irr(R) and let χ ∈ Irr(G) lie over θ . We determine the possibilities for
θ(1). If χ(1) ∈ {1, d2, d3}, then F1 ⊆ ker(χ), and since R/F1 is abelian, θ(1) = 1. By
[4, Theorem 6.15], every member of cd(R) divides the 3-power |R : F1|. Now suppose
χ(1)= di = 3ei ci , with i ∈ {4,5}. Since θ(1) is a power of 3, the full 3′-part of χ(1)/θ(1)
is ci . On the other hand, χ(1)/θ(1) divides the index |G : R|, whose full 3-part is just 3,
by Step 11 (v). Hence χ(1)/θ(1) ∈ {ci,3ci}, and so θ(1) ∈ {3ei−1,3ei } for i ∈ {4,5}.
(ii) Note that |cd(R)| 5. Apply Steps 7 (v) and 11 (ii). ✷
We investigate the action of G on the abelian 3-group R/F1 of rank k ∈ {3,4}. Since
F2/F1 is abelian normal in G/F1 and contains R/F1, the non-abelian group G/F2 of
order 3 · 13 acts on R/F1. In fact G/F2 acts faithfully on R/F1, since F3/F2 of order
13 acts nontrivially. By Fitting’s lemma, R/F1 = A×˙B , where A = [R/F1,F3] > 1 and
B = CR/F1(F3) are both G-invariant. If we let a and b denote the ranks of A and B ,
respectively, then a+ b = k. The group F3/F2 of order 13 acts without fixed points on the
elementary abelian Frattini factor group A/Φ(A) of order 3a . Since a  k  4, one can
see that a = 3 and that this action is irreducible. It follows that A is homocyclic of rank 3,
and so b ∈ {0,1}.
Step 15. R/F1 is elementary abelian of order 33.
Proof. For the characters λ0, λ1, . . . , λm in Irr(F1), defined in Step 7, we write Ij = IR(λj )
for 0  j  m. By Steps 7 (ii) and (vi), R = I0 > I1 > · · · > Im−1 > Im = F1, and the
groups Ij−1/Ij are cyclic. Let T/F1 be a Sylow 3-subgroup of IG(λ2)/F1. As I2/F1 is a
normal 3-subgroup of IG(λ2)/F1, we have I2/F1 ⊆ T/F1 ⊆ IG(λ2)/F1. Step 13 implies
that IG(λ2)/F1 is abelian.
The homocyclic 3-groupA of rank 3 is normal in G/F1, and so T acts on the elementary
abelian groupΩ =Ω1(A) of order 33. We now show that in case m= 4, then |CΩ(T )| = 3,
a fact which will be used twice later. Assuming m = 4, we see that 32 divides |I2 : F1|,
which divides |IG(λ2) : F1|. Thus, by Step 11 (v), |R : F1| does not divide |G : IG(λ2)|.
Since λ2 ∈ Irr(F1) is nonprincipal, Lemma 2.11 and Step 12 (i) imply that
|G : IG(λ2)| ∈ cd(G|F1)= {|G : IG(λ1)|, |G : IG(ρ)|}.
By Step 12 (ii), it follows that |IG(λ2) : F1| = |IG(λ1) : F1|. Since I1/F1 > I2/F1 and
R/F1 is the Sylow 3-subgroup of F2/F1, indeed T/F1 ⊆ F2/F1. Now T F2/F2 is a
subgroup of order 3 in the non-abelian group G/F2 of order 3 · 13, which acts faithfully
on Ω . By Lemma 2.10 (i), we deduce that |CΩ(T )| = 3, as claimed.
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to show k = 3. Assuming k = 3, Step 14 (ii) implies k = m = 4. Because k = m, the
3-group I2/F1 has rank 2. Of course, I2/F1 is centralized by T and is contained in R/F1,
and so CR/F1(T ) has rank at least 2. Because m = 4, by our earlier argument we have
|CΩ(T )| = 3, and from this it follows that CA(T ) is cyclic. Since R/F1 = A×˙B with A
and B both G-invariant, we have CR/F1(T ) = CA(T )×˙CB(T ). By rank considerations,
we deduce that CB(T ) > 1. Furthermore, as B is cyclic, the rank of CR/F1(T ) is exactly 2.
Since B is a nontrivial normal cyclic 3-subgroup of G/F1, its action on the faithful,
irreducible G/F1-module Irr(F1) is Frobenius. Now I2/F1 and CB(T ) are subgroups
of rank 2 and rank 1, respectively, in CR/F1(T ). But since I2/F1 fixes λ2 ∈ Irr(F1), its
intersection with CB(T ) is trivial, a contradiction, since we have seen that CR/F1(T ) has
rank only 2. Hence k = 3, and so R/F1 =A.
Now let 3u be the exponent of the homocyclic 3-group A of rank 3. It remains only to
show that u= 1. Suppose that instead u 2. Step 7 (iii) and Step 14 (i) imply that





If m = 4, Step 14 (ii) implies 3 = k =m, and so |Ij−1 : Ij | = 3u for j ∈ {1,2,3}. The
displayed inclusion above yields {1,3u,32u,33u} ⊆ {1,3e4−1,3e4,3e5−1,3e5}, with u 2,
which is impossible. Thus m= 4.
As m= 4, the displayed inclusion yields e4 = e5. For convenience, let {e4, e5} = {α,β}
with α < β . Then |R : I1| = 3α−1 and |R : I2| = 3α and |R : I3| = 3β−1 and |R : I4| = 3β .
Note that |I1 : I2| = 3 = |I3 : I4|.
Now A is the direct product of three cyclic groups, each of order 3u, and so for
j ∈ {1,2,3,4}, exactly two of the four cyclic factor groups Ij−1/Ij have order 3u, while
the remaining two have orders 3v and 3w , for certain positive integers v and w satisfying
v+w = u. Because |I1 : I2| = 3 = |I3 : I4|, we deduce v = 1 =w, and so u= 2. It follows
that |R : I1| = 32 and |R : I2| = 33 and |R : I3| = 35 and |R : F1| = 36.
In particular, as |I2 : F1| = 33 while A has exponent 32, the order of I2/F1 ∩ Ω
is at least 32. We observed earlier that T/F1 is abelian and contains I2/F1, and so
I2/F1 ∩Ω ⊆ CΩ(T ). But since m = 4, by our earlier argument we have |CΩ(T )| = 3,
and this is a contradiction. ✷
Step 16. The contradiction.
Proof. As V = Irr(F1) is a faithful, irreducible GF(p)[G/F1]-module, [8, Theorem 2.1]
implies the existence of χ ∈ Irr(G/F1) faithful such that if K/F1 is any subgroup of order
not divisible by p in G/F1 for which the restriction χK has a principal constituent, then
CV (K/F1) > 1. By Steps 3 and 11 (i), every member of Irr(G/F1) of degree d2 = 3
restricts to the non-abelian subgroup F3/F1 as a sum of linear characters, and so is not
faithful. Since cd(G/F1)= {1,3,13}, we have χ(1)= 13.
Now choose a Sylow 3-subgroup S/F1 of G/F1. Steps 15 and 11 (v) imply that
|S : F1| = 34. The restriction χS of degree 13 decomposes as a sum of irreducible
characters of the 3-group S/F1, and so χS has a linear constituent µ ∈ Irr(S/F1). If we
write K = ker(µ), then S/K is cyclic. Lemma 2.10 (ii) implies that |S : K| 3. Since 3
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the way we defined χ , we have K ⊆ IG(ν) for some nonprincipal character ν ∈ Irr(F1).
Step 13 now implies that K/F1 is abelian. We already know that R/F1 is abelian of index
3 in S/F1, and so Lemma 2.10 (ii) implies that R =K . Since 1 < R/F1  G/F1, indeed
CV (R) > 0 is a proper G/F1-submodule of V , contradicting the irreducibility of V . ✷
4. The overlapping degree case
In this section we assume that the minimal counterexample group G satisfies
cd(G/F1)= {1, d2, d3, d4}. Recall that cd(G|F1)= {d4, d5}.
Step 1.
(i) cd(G/F2)⊆ {1, d2, d3}.
(ii) G/F1 has derived length 3 and G/F2 has derived length 2.
(iii) If r is any prime divisor of |F2 : F1|, then r divides d4. If also F2/F1 has an abelian
Sylow r-subgroup, then r divides |G : F2|.
(iv) If some prime t divides both d2 and d3, then G/F1 has a normal t-complement that is
contained in F3/F1, and so |G : F3| is a power of t .
Proof. (i) Since d4 is the largest degree in cd(G/F1)= {1, d2, d3, d4}, the given statement
follows from [4, Theorem 12.19].
(ii) Let l be the derived length of G. Clearly l  h(G) = 4. As F1 is minimal
normal in G, indeed F1 = G(l−1). If l > 4, then F1 ⊆ G(4), and so Theorem 1.3 implies
cd(G|F1)⊆ {d5}, which is a contradiction. Therefore l = 4, and so F1 =G(3). The given
statement follows.
(iii) Let r be any prime divisor of |F2 : F1|. Since d4 ∈ cd(G|F1), Lemma 2.3 implies
that r divides d4. If the Sylow r-subgroup R/F1 of F2/F1 is abelian, then because
d4 ∈ cd(G/F1), [4, Theorem 6.15] implies that d4 divides |G :R|, and so r divides |G : F2|.
(iv) In the notation of Lemma 2.5, we haveA= {1, d2, d3}. If some prime t divides both
d2 and d3, then Lemma 2.5 implies that G/F1 has a normal t-complement that is contained
in F3/F1. ✷
Step 2. If s is any prime such that Os(G/F1) is non-abelian, and if we write S/F1 =
Os(G/F1), then there exists a chief factor M/F1 of G and a character χ ∈ Irr(G|M) for
which the following conditions hold.
(i) M ⊆ S′.
(ii) If F1 < S′ ∩G′′, then M ⊆G′′.
(iii) The restriction χS has a nonlinear irreducible constituent.
(iv) The prime s divides χ(1).
(v) χ ∈ Irr(G/F1).
(vi) The s-part of χ(1) is smaller than the s-part of d4.
(vii) χ(1) ∈ {d2, d3}.
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is non-abelian, we have F1 < S′. Thus we may simply choose a chief factor M/F1 to
satisfy conditions (i) and (ii). Next we fix χ ∈ cd(G|M) such that the s-part of χ(1) is as
small as possible.
(iii) If χS is a sum of linear characters, then M ⊆ S′ ⊆ ker(χ), which would contradict
the fact that χ ∈ cd(G|M).
(iv) As F1 is abelian normal in S, [4, Theorem 6.15] implies that every member of
cd(S) divides the s-power |S : F1|. Let θ be a nonlinear irreducible constituent of χS . Then
s divides θ(1), which divides χ(1).
(v) Since F1 is an abelian normal s-complement in M , Lemma 2.15 implies that
M ′ ⊆ ker(χ). Since M ′ = F1, we have χ ∈ Irr(G/F1).
(vi) Recall that d4 ∈ cd(G|F1). More generally, we show for each degree d ∈ cd(G|F1)
that the s-part of χ(1) is strictly smaller than the s-part of d . Choose any character
ψ ∈ Irr(G) with ψ(1) = d and F1 ⊆ ker(ψ). Then M ⊆ ker(ψ), and so ψ ∈ Irr(G|M).
If the s-part of χ(1) is larger than or equal to the s-part of d , then we could have chosen ψ
in place of χ , but since F1 ⊆ ker(ψ), this would contradict part (v) above.
(vii) By (vi), (v), and (vi), we deduce χ(1) ∈ cd(G/F1)− {1, d4} = {d2, d3}. ✷
Step 3. If one member of {d2, d3} is a power of some prime q , then q does not divide the
other member of {d2, d3}.
Proof. We suppose that {d2, d3} = {qe,m} for e  1 with q dividing m, and work for
a contradiction. Thus cd(G/F1) = {1, qe,m,d4}. By Step 1 (iv), G/F1 has a normal q-
complementU/F1 that is contained in F3/F1. Since h(G/F1)= 3 while G/U is nilpotent,
indeed h(U/F1) = 2. Let a and b denote the full q ′-parts of m and d4, respectively. By
[8, Lemma 2.5], cd(U/F1)= {1, a, b}. Let π be the set consisting of the prime q as well
as all the primes that divide both a and b. By [4, Corollary 12.2], U/F1 has a normal
π -complement H/F1, and the factor group U/H is nilpotent. Since h(U/F1) = 2, it
follows that H/F1 > 1. Let c and d denote the π ′-parts of a and b, respectively. Then
cd(H/F1)= {1, c, d}, and c and d are relatively prime. Note thatH/F1 is actually a normal
π -complement in G/F1, and that c and d are the π ′-parts of m and d4, respectively.
Let L/F1 be any chief factor of G with L⊆H . Thus L/F1 is abelian of order equal to
a power of some prime in the set π ′. By Step 1 (iii), this same prime divides d4. Since d
is the π ′-part of d4, it follows that d > 1. Because cd(H/F1)= {1, c, d}, we now see that
H/F1 is non-abelian.
Suppose that H/F1 is nilpotent. As c and d are relatively prime, we deduce that
cd ∈ cd(H/F1), forcing c= 1 and cd(H/F1)= {1, d}. Clearly d is a power of some prime
s ∈ π ′, and Os(G/F1) is non-abelian. By Step 2 (iv) and (vii), the prime s divides either d2
or d3. But the full π ′-part of m is c= 1, so s divides neither member of {qe,m} = {d2, d3}.
By contradiction then, H/F1 is not nilpotent, and so h(H/F1)= 2.
Suppose that c > 1. Thus cd(H/F1)= {1, c, d} with c > 1 and d > 1. By Lemma 2.9,
Os(H/F1) is non-abelian for some prime s ∈ π ′. Hence Os(G/F1) is non-abelian. By
Step 2 (vi), s divides d4. It follows that s divides the π ′-part of d4, namely d . As c and d
are relatively prime, s therefore does not divide c. But c is the full π ′-part of m, and so
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contradicts Step 2 (iv) and (vii). Therefore c= 1.
Now H/F1 is non-nilpotent with cd(H/F1) = {1, d}. By Lemma 2.8, some prime t
divides |H/F1| but not d , and in fact Ot (H/F1) is a nontrivial abelian normal Sylow
t-subgroup of G/F1. But since cd(G/F1)∩ cd(G|F1)= {d4} is nonempty, this contradicts
Lemma 2.4. ✷
Step 4. G/F2 has no non-abelian factor group of prime-power order.
Proof. Suppose that G/N is a non-abelian q-factor group of G/F2, for some prime q .
Then qe ∈ cd(G/N) ⊆ cd(G/F2), for e  1. By Step 1 (i), we may write {d2, d3} =
{qe,m}, and so cd(G/F1)= {1, qe,m,d4}. Step 3 asserts that q m, and so the restriction
to N/F1 of every member of Irr(G/F1) of degree m is irreducible. By [4, Corollary 6.17],
we have qem ∈ cd(G/F1), forcing qem = d4. In fact, since d4 /∈ cd(G/F2), we have
m /∈ cd(G/F2), and so cd(G/F2)= {1, qe}. By Lemma 2.8 (i) and (iii), F(G/F2)= F3/F2
is abelian and |G : F3| = q and e = 1. Hence cd(G/F1) = {1, q,m,qm}. Since G/N is
non-abelian, q3 divides |G : N |, which divides |G : F2| = q|F3 : F2|. Thus q2 divides
|F3 : F2|. As F3/F2 is abelian, Lemma 2.7 yields |F3 : F2| ∈ cd(F3/F1), and so q2 divides
some member of cd(G/F1)= {1, q,m,qm}, a contradiction. ✷
Step 5.
(i) cd(G/F2)= {1, |G : F3|} and |G : F3| ∈ {d2, d3}.
(ii) The degrees d2 and d3 are relatively prime.
(iii) F3/F2 is abelian and |F3 : F2| ∈ cd(F3/F1).
Proof. By Step 4, G/F3 is abelian. By Lemma 2.7 and Step 1 (i), we deduce that
|G : F3| ∈ cd(G/F2) ⊆ {1, d2, d3}, and so |G : F3| ∈ {d2, d3}. If some prime q divides
both d2 and d3, then Step 1 (iv) implies that |G : F3| is a power of q , contradicting Step 3.
If |cd(G/F2)| = 2, then by Step 1 (i) we have cd(G/F2)= {1, d2, d3}, and so Lemma 2.9
implies dl(G/F2)= 3, contradicting Step 1 (ii). Therefore |cd(G/F2)| = 2, and it follows
that cd(G/F2) = {1, |G : F3|}. Now Lemma 2.8 (i) implies that F3/F2 is abelian, and by
Lemma 2.7, we deduce |F3 : F2| ∈ cd(F3/F1). ✷
Step 6. Suppose that F2/M is an r-group chief factor of G such that the prime r does
not divide |F3 : F2|, while G/C is non-nilpotent for C = CG(F2/M). Suppose also that
Or (G/F1) is abelian. Then
(i) F2 ⊆ C < F3 and |G : F3| = d2 = 3 and |F3 :C| = d3 = 13,
(ii) Or (G/F1) is a homocyclic 3-group of rank 3, and
(iii) {1,3,13} ⊆ cd(G/M).
Proof. Let h be the rank of the elementary abelian r-group F2/M . Clearly F2 ⊆ C ⊆G,
and so cd(G/C)⊆ cd(G/F2)= {1, |G : F3|}, by Step 5 (i). As G/C non-nilpotent, we see
that cd(G/C)= {1, |G : F3|}.
Let k be the rank of the abelian r-group R/F1 = Or (G/F1). It is clear that h k. Let
re be the full r-part of |G : R|. By Step 1 (iii), we know r divides |G : F2|, which tells us
438 J.M. Riedl / Journal of Algebra 267 (2003) 421–442that e 1. Since R/F1 is a Sylow r-subgroup of F2/F1 while r does not divide |F3 : F2|,
we see that re is actually the full r-part of |G : F3|. In particular, re  |G : F3|.
By [8, Corollary 2.7 (iv)], cd(R) − {1} contains at least k distinct r-power degrees.
Since cd(G/F1) ∩ cd(G|F1) = {d4} and cd(G|F1) = {d4, d5}, Lemma 2.6 implies that
k  2(e+ 1)− 1 = 2e+ 1.
As F2/M is a faithful, irreducible GF(r)[G/C]-module of dimension h, [8, Theo-
rem 2.1] implies the existence of η ∈ Irr(G/C) faithful such that η(1) divides h. Clearly
η(1)= |G : F3|, and so |G : F3| h.
All of these inequalities together are re  |G : F3| h k  2e+ 1. Since r is odd and
e 1, the only solution of re  2e+ 1 is r = 3 and e= 1, yielding the chain of equalities
r = 3 = |G : F3| = h= k. Write L/F1 = Or ′(F2/F1) and E/F1 =Φ(R/F1). Since h= k,
we see that M = LE, and it follows that the abelian r-group R/F1 is homocyclic.
Since 3 = |G : F3| ∈ cd(G/C), we know that 3 divides |G : C|. To see that the
full 3-part of |G : C| is exactly 3, recall that |G : F2| = 3|F3 : F2| while 3 does not
divide |F3 : F2|, and that F2 ⊆ C ⊆ G. The non-nilpotent group G/C of odd order is a
subgroup of GL(3,3). Since |GL(3,3)| = 25 · 33 · 13, it follows that |G : C| = 3 · 13 and
F2 ⊆ C < F3 ⊆G.
Choose any nonprincipal character λ ∈ Irr(F2/M). Since F2/M is central in C/M , we
haveC ⊆ IH(λ). The full 3-part of |G : F2| is just 3, and so λ extends to its inertia subgroup
IG(λ), by [4, Corollaries 11.31, 11.22 and Theorem 6.28]. The group G/C of order 3 · 13
acts faithfully and irreducibly on its module F2/M of order 33. Lemma 2.10 (iii) asserts
that |G : IG(λ)| = 13. By [4, Theorem 6.11], we have 13 ∈ cd(G/M), and so cd(G/F1)⊇
cd(G/M) ⊇ {1,3,13}. Since 3 divides |F2 : F1|, Step 1 (iii) says that 3 divides d4, the
largest degree in cd(G/F1). Thus d4 = 13 and cd(G/F1)= {1,3,13, d4}. ✷
Step 7. The group F2/F1 is non-abelian. Thus for some prime s, the group Os(G/F1) is
non-abelian and the conclusion of Step 2 holds.
Proof. Suppose that F2/F1 is abelian. By Step 1 (iii), every prime divisor of |F2 : F1|
divides |G : F2|. As d4 ∈ cd(G/F1), [4, Theorem 6.15] implies that d4 divides |G : F2|.
Apply Lemma 2.16 to G/F1 to obtain, for some prime r , an r-group chief factor F2/M of
G such that r does not divide |F3 : F2|, while G/C is non-nilpotent for C = CG(F2/M).
As F2/F1 is abelian, indeed Or (G/F1) is abelian, and so we may apply Step 6.
Case 1 F2 = C. Now d4 divides |G : F2| = |G :C| = 3 · 13. Since 13 < d4, we deduce that
d4 = 3 · 13. We know that |F2 : F1| is divisible by 3, and by the preceding paragraph, its
only other possible prime divisor is 13.
Suppose 13 divides |F2 : F1|. By Lemma 2.3, the restriction to F2 of every member
of Irr(G|F1) of degree d4 is irreducible. As 3 ∈ cd(G/F2), [4, Corollary 6.17] yields
3d4 ∈ cd(G), forcing d5 = 3d4. Write R/F1 = Or (G/F1). Since F(R)= F1 while R/F1 is
abelian, Lemma 2.7 implies that |R : F1| ∈ cd(R). Since R is normal in G, some member
of cd(G|F1)= {3 ·13,32 ·13} is divisible by |R : F1|, hence divisible by 33, a contradiction.
Thus F2/F1 =R/F1 is a homocyclic 3-group of rank 3.
We show that F2/F1 is elementary abelian. Write d5 = 3uc5 where 3  c5. Recall that
every irreducible character of G of degree 1, d2, or d3 is actually a character of G/F1,
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d4 = 3 · 13 and the full 3-part of |G : F2| is equal to 3, we have cd(F2)⊆ {1,3,3u−1,3u}.
By [8, Corollary 2.7], for some integerw  3 there exist linear characters λ0, λ1, . . . , λw
in Irr(F1) such that, if we write Ij = IR(λj ), then Ij−1/Ij is nontrivial cyclic, and
{1, |F2 : I1|, |F2 : I2|, . . . , |F2 : Iw|} ⊆ cd(F2). Because cd(F2) ⊆ {1,3,3u−1,3u}, we
deduce that w = 3 and |F2 : I1| = 3, and since F2/F1 is homocyclic, it must be elementary
abelian. By Lemma 2.10 (iv), cd(G/F1)= {1,3,13}, a contradiction.
Case 2 F2 <C. We show that d4 = |G : F2|. By Step 5 (ii), we know that |F3 : F2| divides
some degree b ∈ cd(G/F1) = {1,3,13, d4}. As F2 < C ⊆ F3, we have 13 = |F3 : C| <
|F3 : F2| b, and this forces b = d4. Thus d4 is divisible by the relatively prime integers
|F3 : F2| and 3 = |G : F3|. Recalling that d4 divides |G : F2|, we deduce that d4 = |G : F2|.
Now using [8, Lemma 2.5], one can show that cd(F3/F1)= {1,13, |F3 : F2|}.
Let E/F1 = Φ(F3/F1). We write F(F3/E) = F2/E = Z(F3/E)×˙P1/E×˙ · · · ×˙Pm/E
where each Pi/E is an elementary abelian pi -group for the odd primes 3 = p1 < · · ·<pm.
Write Ci = CF3(Pi/E). Note that F2 ⊆ Ci < F3 and F2 =
⋂m
i=1 Ci . Since F2 <C = C1,
we see that m 2.
As pi divides |F2 : F1|, we know pi must divide |G : F2| = 3|F3 : F2|. Assuming
2 i m, we have pi = p1 = 3, and so pi must divide |F3 : F2|. Since Pi/E is a faithful,
completely reducible module in characteristic pi for the abelian group F3/Ci , however, pi
cannot divide |F3 :Ci |, and it follows that 1< |F3 :Ci |< |F3 : F2|.
We show that |F3 :Ci | = 13 for 1 i m. We already know that |F3 :C1| = |F3 :C| =
13. Let Z/E = Z(F3/E). For 2  i  m, define Ki = ZP1 · · ·Pi−1Pi+1 · · ·Pm. Thus
F2/Ki ∼= Pi/E and CF3(F2/Ki) = Ci . By [8, Lemma 2.3], there exists λi ∈ Irr(F2/Ki)
with IF3(λi) = Ci . As Φ(F3/E) = 1, the abelian subgroup F2/E has a complement in
F3/E. It follows that F2/Ki has a complement in Ci/Ki , which is actually a direct factor,
since F2/Ki is central in Ci/Ki . We may choose an extension µi ∈ Irr(Ci/Ki) of λi . By
[8, Theorem 6.11], µF3i ∈ Irr(F3/E) ⊆ Irr(F3/F1) has degree |F3 : Ci |. Thus |F3 : Ci | ∈
cd(F3/F1) = {1,13, |F3 : F2|} with 1 < |F3 : Ci | < |F3 : F2|, and so |F3 : Ci | = 13, as
desired.
As F2 = ⋂mi=1 Ci , the preceding paragraph tells us that |F3 : F2| is a power of 13.
Since p2 does not divide |F3 : C2| = 13, we have p2 = 13. But recall also that p2 divides
|F3 : F2|. This is a contradiction. ✷
Step 8. G/F2 has a Frobenius factor group G/N whose kernel F3/N is an elementary
abelian q-group for some prime q not dividing |G : F3|.
Proof. Let G/N be a minimal non-abelian factor group of G/F2. By [4, Theorem 12.3]
and Step 4, G/N is a Frobenius group whose kernel K/N is an elementary abelian
q-group for some prime q , and |G : K| ∈ cd(G/N) ⊆ cd(G/F2). By Step 5 (i), we have
|G :K| = |G : F3|.
It remains to prove K = F3. Since F3 ⊆ NF3 ⊆ KF3 ⊆ G, the index |KF3 : NF3|
divides both |K : N | and |G : F3| = |G :K|. As |K : N | and |G :K| are relatively prime,
this forces NF3 =KF3. If K = F3, then the fact that |K| = |F3| yields N ⊆K <KF3 =
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factor group of the nilpotent group F3/F2, a contradiction. Hence K = F3. ✷
Step 9. |G : F3| = χ(1).
Proof. We suppose |G : F3| = χ(1) and work for a contradiction. Define n by {χ(1), n} =
{d2, d3}. By Step 5 (ii), χ(1) and n are relatively prime. By Step 2 (iv), the prime s divides
χ(1). Hence s does not divide n.
By Step 2 (i), the restriction χF3 has a nonlinear irreducible constituent θ , and so
θ(1) divides χ(1) = |G : F3|. By Step 8, q does not divide θ(1). By [4, Theorem 12.4],
|G : F3|θ(1) ∈ cd(G/F1) = {1, χ(1), n, d4}. Since s divides χ(1) = |G : F3|, Step 5 (v)
implies that |G : F3|θ(1) = n. Because θ(1) > 1, the degree |G : F3|θ(1) is larger than
χ(1), and so |G : F3|θ(1)= d4. In particular, d4 divides χ(1)2.
By Step 5 (iii), there exists ϕ ∈ Irr(F3/F1)with ϕ(1)= |F2 : F3|. Chooseψ ∈ Irr(G/F1)
lying over ϕ. By Step 8, the prime q divides ψ(1), but does not divide |G : F3| =
χ(1). By the preceding paragraph, q does not divide d4. Hence ψ(1) = n. We know
ψ(1)/ϕ(1) divides |G : F3|. Since ψ(1) = n is relatively prime to χ(1) = |G : F3|, we
have n = ψ(1) = ϕ(1) = |F3 : F2|. Since 1 < |G : F3| ∈ cd(G/F2), we deduce that
|G : F3|2 < |G : F2|, and it follows that χ(1) = |G : F3| < |F3 : F2| = n. As d2 < d3,
we must have d2 = χ(1)= |G : F3| and d3 = n= |F3 : F2|.
Since χ(1)= d2, Theorem 1.3 yieldsG′′ ⊆ ker(χ). We already know that F1 ⊆ S′ ∩G′′.
If in fact F1 < S′ ∩ G′′, then by Step 2 (ii) we would have M ⊆ G′′, from which it
would follow thatM ⊆ ker(χ), thereby contradicting the fact that χ ∈ Irr(G|M). Therefore
F1 = S′ ∩G′′.
We now compute cd(F3/F1). Let η ∈ Irr(G/F1) be arbitrary. If η(1) = d3, then the
restriction ηF3 is irreducible, as d3 is relatively prime to |G : F3|. If η(1) ∈ {d2, d4} and
ζ is an irreducible constituent of ηF3 , then q does not divide ζ(1), and [4, Theorem 12.4]
yields d2 · ζ(1) ∈ cd(G/F1), forcing ζ(1) ∈ {1, d4/d2}. Hence cd(F3/F1)= {1, d3, d4/d2}.
By Step 2 (vi), the prime s divides d4/d2. Since d4 divides (d2)2, the degrees d3 and
d4/d2 are relatively prime. Applying Lemma 2.9 to F3/F1 shows that F3/S is abelian. By
Step 4 we know that G/F3 is abelian, and now by Step 1 (ii) we deduce F1 < G′′ ⊆ S.
Fix any chief factor N/F1 of G such that N ⊆ G′′. As G′′ ∩ S′ = F1, we see that
N/F1  S/F1 while the intersection of N/F1 with S′/F1 = (S/F1)′ is trivial. Fix any
nonprincipal character ν ∈ Irr(N/F1). By Lemma 2.14, ν extends to S. Furthermore, since
S/F1 = Os(G/F1), ν actually extends to F2. In particular, if we write I = IG(ν), then we
have F2 ⊆ I .
We show that F3 ⊆ I . Fix any irreducible constituent µ of χM . As M ⊆ ker(χ), we
know µ is nonprincipal. Since M ∩N ⊆ S′ ∩G′′ = F1, we have MN/F1 =M/F1×˙N/F1,
and it follows that µν ∈ Irr(MN/F1). Choose any character σ ∈ Irr(S/F1) lying over µν.
Because σ lies over the nonprincipal character µ ∈ Irr(M), while M ⊆ S′, we have
σ(1) > 1, and so s divides σ(1). Choose any character τ ∈ Irr(G/F1) lying over σ . Then
s divides τ (1), and so τ (1) ∈ {d2, d4}. Since τ ∈ Irr(G) lies over ν, while I = IG(ν),
[4, Theorem 6.11] asserts that |G : I | divides τ (1). Both d2 and d4 are relatively prime
to d3 = |F3 : F2|, and so |G : I | must be relatively prime to |F3 : F2|. As F2 ⊆ I ⊆ G, it
follows that F3 ⊆ I .
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extends to the inverse image in F3 of every Sylow subgroup of F3/F1. We have already
seen that ν extends to the Sylow s-subgroup S/F1 of F3/F1. As a character of the s-group
N/F1, ν must extend to every Sylow subgroup of F3/F1 for all primes other than s, by
[4, Theorem 6.28]. Hence ν has an extension λ ∈ Irr(F3/F1).
Choose any character ω ∈ Irr(G/F1) lying over the linear character λ. Then ω(1)
divides |G : F3| = d2, and so ω(1) ∈ {1, d2}. Now Theorem 1.3 implies that G′′ ⊆ ker(ω),
and since N ⊆ G′′, the irreducible constituent ν of ωN must be the principal character.
This is a contradiction. ✷
Step 10. The final contradiction.
Proof. By Step 2 (vii), Step 5(i), and Step 9, we have {|G : F3|, χ(1)} = {d2, d3}, and
so cd(G/F1) = {1, |G : F3|, χ(1), d4}. Let sα and sβ be the full s-parts of χ(1) and d4,
respectively. By Steps 2 (iv) and (vi), we have 1 α < β . By Step 5 (ii) then, s does not
divide |G : F3|.
We now study the set cd(F3/F1). Let ψ ∈ Irr(G/F1) and let θ be any irreducible
constituent of the restriction of ψ to the subgroup F3. By Step 8, q does not divide
|G : F3|. Thus, if ψ(1) = |G : F3|, then q does not divide θ(1), and so by Step 8 and
[4, Theorem 12.4] we deduce that |G : F3|θ(1) ∈ cd(G/F1). But since s does not divide
|G : F3|θ(1), we must have θ(1)= 1. Thus every character of degree |G : F3| in Irr(G/F1)
restricts to F3 as a sum of linear characters. Now suppose that ψ(1) ∈ {χ(1), d4}. Since
ψ(1)/θ(1) divides the index |G : F3| while s does not divide |G : F3|, the full s-part of
θ(1) equals the full s-part of ψ(1), which is larger than 1. In particular, s divides every
degree in cd(F3/F1)−{1}. By [4, Corollary 12.2] then, F3/F1 has a normal s-complement
H/F1. Because F3/H is nilpotent, indeed H/F1 > 1.
Case 1. H/F1 is non-abelian. Choose any character η ∈ Irr(H/F1) with η(1) > 1. Let
I = IF3(η) and d = η(1). Because |H : F1| is relatively prime to |I : H |, the character
η has an extension ζ ∈ Irr(I). The normal subgroups H/F1 and S/F1 = Os(G/F1) of
relatively prime orders intersect trivially, and hence centralize each other. Thus S ⊆ I , and
so the s-group I/H is non-abelian. Choose any character ϕ ∈ Irr(I/H) with ϕ(1) > 1.
By [4, Corollary 6.17], the character ϕζ ∈ Irr(I) lies over η. By [4, Theorem 6.11], the
induced characters ζF3 and (ϕζ )F3 of degrees |F3 : I |d and |F3 : I |ϕ(1)d are irreducible.
The s′-parts of these degrees are both d . Since ϕ(1) > 1, their s-parts are distinct. Their
s-parts are both nontrivial, as s divides every member of cd(F3/F1)− {1}. By remarks in
the preceding paragraph, every character in Irr(G/F1) lying over ζF3 or (ϕζ )F3 must have
degree χ(1) or d4, respectively. It follows that d divides both χ(1) and d4.
The s-group F3/H is non-abelian, and so there exists a character σ ∈ Irr(F3/F1) of
degree se , for some integer e  1. Choose any character τ ∈ Irr(G/F1) lying over σ . As s
divides τ (1), indeed τ (1) ∈ {χ(1), d4}, and so d divides τ (1). Since τ (1)/σ (1) divides the
index |G : F3| while σ(1)= se , it follows that d divides |G : F3|, and so d divides every
member of cd(G/F1)− {1} = {d2, d3, d4}. This contradicts Step 5 (ii).
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in view of Step 1 (iii), every prime divisor of |H : F1| divides |G : F3|.
We show thatG/F2 acts faithfully onH/F1. LetD = CG(H/F1). Clearly F2 ⊆D ⊆G.
Suppose that D/F2 > 1. Then (D ∩ F3)/F2 =D/F2 ∩ F(G/F2) > 1. Since (D ∩ F3)/H
is an s-group while H/F1 is central in (D ∩ F3)/F1, we see that (D ∩ F3)/F1 is the
direct product of the abelian group H/F1 with an s-group, and this forces (D ∩F3)/F1 ⊆
F(G/F1)= F2/F1, contradicting D ∩ F3 > 1. Thus G/F2 acts faithfully.
Write E/F1 =Φ(H/F1). As F(G/F2)= F3/F2 is an s-group, the non-nilpotent group
G/F2 acts faithfully on H/E, which is a direct product of chief factors of G. Hence there
is a chief factor H/L of G such that E ⊆ L while G/CG(H/L) is not nilpotent. Note that
F2/SL is a chief factor of G and that CG(F2/SL) = CG(H/L). Write C = CG(F2/SL)
and let r be the unique prime divisor of |F2 : SL|. Since Or (G/F1)⊆H/F1, we see that
Or (G/F1) is abelian. Also, r does not divide the s-power |F3 : F2|.
Step 6 (i) implies that F2 ⊆ C ⊆ F3 with |F3 : C| = 13. As F3/F2 is an s-group, it
follows that s = 13. Step 6 (i) also yields cd(G/F1) = {1,3,13, d4}. By Step 2 (iv), (v),
and (vi), we deduce χ(1) = 13. By Step 2 (iii), the restriction χS is irreducible. Finally,
Step 6 (iii) tells us that {3,13} ⊆ cd(G/SL) ⊆ cd(G/S), and then [4, Corollary 6.17]
implies that {3 · 13,132} ⊆ cd(G/F1), which is inconsistent with our earlier description
of the set cd(G/F1). This is a contradiction. ✷
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